Abstract. We investigate the relationship between the Lagrangian Floer superpotentials for a toric orbifold and its toric crepant resolutions. More specifically, we study an open string version of the crepant resolution conjecture (CRC) which states that the Lagrangian Floer superpotential of a Gorenstein toric orbifold X and that of its toric crepant resolution Y coincide after analytic continuation of quantum parameters and a change of variables. Relating this conjecture with the closed CRC, we discover a geometric explanation (in terms of virtual counting of stable orbi-discs) for the specialization of quantum parameters to roots of unity which appeared in Y. Ruan's original CRC [39] . We prove the open CRC for the weighted projective spaces X = P(1, . . . , 1, n) using an equality between open and closed orbifold Gromov-Witten invariants. Along the way, we also prove an open mirror theorem for these toric orbifolds.
Introduction
The crepant resolution conjecture (abbreviated as CRC) [7, 22, 23, 39] has attracted a lot of attention in the last ten years, and much evidence has been found, especially in toric cases [4, 8, 19, 22, 20, 38] . This conjecture arises from string theory: if X is a Gorenstein toric orbifold and Y is a crepant resolution, then X and Y correspond to two large radius limit points (or cusps) in the so-called stringy Kähler moduli space M A which parametrizes a family of topological string theories (A-model) whose chiral rings should be given by the small quantum (orbifold) cohomology ring of the corresponding target space near each cusp. Hence it is natural to expect that the quantum cohomology rings QH * orb (X ) and QH * (Y ) should be closely related.
Ruan [39] gave the first precise conjecture which asserts that QH * (Y ) is isomorphic to QH * orb (X ) after analytic continuation of the quantum parameters of Y and specializing the exceptional ones to roots of unity. Later, Bryan and Graber [7] proposed a significant strengthening of this, asserting that, if X satisfies a Hard Lefschetz condition, then even the big quantum cohomology rings are isomorphic after analytic continuation and specialization of quantum parameters. At around the same time, Coates, Iritani and Tseng [22] (see also Coates-Ruan [23] ) gave a rather different and more general formulation of the conjecture using Givental's Lagrangian cones and symplectic formalism [21, 32] ; their conjecture is expected to hold without the Hard Lefschetz assumption on X . See Subsection 4.2 and Conjecture 31 below for more details.
In this paper, we study how the Lagrangian Floer superpotential of a Gorenstein toric orbifold and and that of its toric crepant resolution are related under analytic continuation of quantum parameters. We propose an open string version of the CRC in the toric case. A compact toric manifold Y has a Landau-Ginzburg (LG) mirror [33] , which can be constructed using Lagrangian Floer theory (due to Fukaya, Oh, Ohta and Ono in [28] ). More precisely, the Lagrangian Floer superpotential W LF Y , which is part of the data in the LG mirror of Y , is defined by virtual counting of stable holomorphic discs in Y bounded by Lagrangian torus fibers of the moment map. In general, the coefficients of W 
, lim k→∞ λ k = ∞}, where T is a formal parameter. In case these formal power series are convergent, this produces a family of holomorphic functions on the algebraic torus (C * ) n (n = dim(Y )) over a neighborhood U Y of the cusp in M A corresponding to Y . compact toric orbifold X bounded by these Lagrangian tori and defined open orbifold GW invariants by virtual counting of stable holomorphic orbi-discs. In particular, they defined a Lagrangian Floer superpotential W using the counting of smooth holomorphic discs, and also a bulk deformed superpotential W b . The latter is defined by the virtual counting of stable orbifold discs where the bulk deformation b (i.e. insertion at interior orbifold marked points) is given by fundamental classes of twisted sectors.
In this paper, we define the Lagrangian Floer superpotential W LF X of X , which is different from W or W b , as a formal power series whose coefficients are generating functions of certain open orbifold GW invariants. Assuming convergence, this gives a family of holomorphic functions on (C * ) n over a neighborhood U X of the cusp in M A corresponding to X .
We can now state our open CRC (same as Conjecture 30):
Conjecture 1 (Open Crepant Resolution Conjecture). Let X be a toric variety with at worse Gorenstein quotient singularities. Let X be the canonical toric orbifold with X as its coarse moduli space (see [5, Section 7] ). And let Y be a toric crepant resolution of X. The flat coordinates on the Kähler moduli of X and Y are denoted as q and Q respectively. Let l be the dimension of the Kähler moduli of X (which equals to that of Y ).
The Lagrangian Floer superpotential W Indeed the above conjecture is part of the global picture given by the stringy Kähler moduli which is not mathematically defined yet. The stronger conjectural global statement (for toric varieties) may be formulated as follows: There exists (1) a manifold M A , the so-called stringy Kähler moduli; (2) a holomorphic family of Laurent series W LF over M A ; (3) a coordinate patch (U X , q) of M A such that q * (W LF ) equals to the Lagrangian Floer superpotential of X ; (4) a coordinate patch (U Y , Q) of M A such that Q * (W LF ) equals to the Lagrangian Floer superpotential of Y .
Since we do not have a global construction of the stringy Kähler moduli space M A and also the chiral rings over points far away from the cusps, analytic continuation is required in all the crepant resolution conjectures. In practice, in order to prove the open or closed CRC, one first constructs the B-model moduli space M B (in toric cases, this is simply given by the toric orbifold associated to the secondary fan of the crepant resolution Y ). Mirror symmetry will identify the neighborhoods U X and U Y with neighborhood of certain cusps in M B . Since the B-model moduli space is global, one can then perform analytic continuation over M B , and (by applying mirror symmetry again) obtain the change of variables.
A remarkable feature of our open crepant resolution conjecture is that it predicts equalities between generating functions of open GW invariants for X and Y after analytic continuation and a change of variable. See the equalities (4.1), (4.2) and the discussion after Conjecture 30 at the end of Subsection 4.1.
Conversely, one may consider that the change of variable formula needed in the closed CRC, actually comes from the geometric data of open GW invariants of an orbifold and its crepant resolution (by the equalities (4.1), (4.2) ).
Our open CRC also sheds new light on the study of the closed CRC. Namely, using the open CRC, we discover a geometric explanation for the specialization of quantum parameters to roots of unity which appeared in Ruan's conjecture. We show that the specialization corresponds precisely to the vanishing of coefficients of W LF Y which count stable holomorphic discs meeting the exceptional divisors in Y . See Theorem 34 for the precise statement and Subsection 4.3 for more details.
Indeed, we expect that the open and closed CRC are closely related to each other since the Jacaobian ring of the Lagrangian Floer superpotential should be isomorphic to the small quantum cohomology ring. For toric manifolds, this was proved by Fukaya, Oh, Ohta and Ono in their recent work [25] :
. We plan to investigate the analogous story on the orbifold side in a subsequent work. What we expect to be true is the following Conjecture 2. There is an isomorphism:
Combining these two isomorphisms with the open CRC, we conclude that QH * (Y ) ∼ = QH * orb (X ), via analytic continuation in quantum parameters and a change of variables. If we specialize the exceptional parameters to suitable values (not necessarily roots of unity), this will imply the "quantum corrected" version of Ruan's conjecture as formulated by Coates-Ruan [23] . See Subsection 4.3 below for more details.
In this paper, we will prove the open CRC for the weighted projective space X = P(1, . . . , 1, n):
Theorem 3 (=Theorem 42). For the weighted projective space X = P(1, . . . , 1, n) whose crepant resolution is given by Y = P(K P n−1 ⊕ O P n−1 ), the open CRC is true.
We prove this by first establishing a formula relating open and closed orbifold GW invariants for Gorenstein toric Fano orbifolds (Theorem 35) ; this generalizes the formula in [10, 36] to the orbifold setting. Then, we use toric orbifold mirror theorem (for closed theories) in the forthcoming work of Coates-Corti-Iritani-Tseng [20] to deduce an open toric mirror theorem for P(1, . . . , 1, n) (Theorem 41) and establish the convergence of the Lagrangian Floer superpotential W LF X . More generally, we expect that this open toric mirror theorem (Conjecture 23), which is an orbifold version of the one formulated in Chan-Lau-Leung-Tseng [11] , is true for any compact toric Kähler orbifold (see Subsection 3.3) . Now the open CRC follows from this open mirror theorem and analytic continuation of the mirror maps for X and Y (the convergence of the Lagrangian Floer superpotential W LF Y is already proved in [11] ). We remark that the analytic continuation process was also done in the construction of the symplectic transformation U which appeared in Coates-Iritani-Tseng's formulation of the closed CRC [22] . We will discuss how the open toric mirror theorem is related to the open CRC in general (see Subsection 4.2).
Our strategy for proving Theorem 3 above is expected to work more generally in all semiFano cases. More precisely, we consider a compact simplicial toric variety X which is semiFano in the sense of Definition 15. In this case the canonical toric orbifold X is also semiFano. If Y is a toric crepant resolution of X, then Y is also semi-Fano. The strategy may be summarized in the following diagram: Example: X = P(1, 1, 2). To illustrate our results, let us consider the n = 2 case of Theorem 3. Let N = Z 2 . The weighted projective plane X = P(1, 1, 2) is a Gorenstein toric Fano orbifold whose coarse moduli space is the toric variety defined by the simplicial fan Σ X in N R = R 2 generated by
There is a unique isolated Z 2 -singularity at the point corresponding to the cone generated by b 1 and b 2 .
A crepant resolution of X is given by the Hirzebruch surface Y = F 2 which is defined by the fan Σ Y in N R generated by was first computed by Auroux [3] using degeneration method and wall-crossing formulas. Different proofs appeared later in [10, 30] . The result is the following
where z 1 , z 2 are the standard coordinates on (C * ) 2 and Q 1 , Q 2 are coordinates in the neighborhood U Y of the cusp corresponding to Y in the stringy Kähler moduli space M A . Q 1 corresponds to the exceptional (−2)-curve in F 2 while Q 2 corresponds to the fiber class if we view F 2 as a P 1 -bundle over P 1 .
On the other hand, we define the Lagrangian Floer superpotential W LF X using counting of Maslov index two smooth holomorphic discs in X as well as (virtual) counting of orbidisc with possibly multiple τ 2 orbifold insertions. Here, τ 2 is the orbifold parameter which corresponds to the twisted sector X 1/2 supported at the isolated Z 2 -singularity. We prove a relation between open and closed orbifold GW invariants (Theorem 35), and from this we can compute the Lagrangian Floer superpotential W LF X :
where q 1 , q 2 := e τ 2 are coordinates in the neighborhood U X ⊂ M A of the cusp corresponding to X . Here, q 1 corresponds to the hyperplane class in P(1, 1, 2). The coefficient 2 sin
7! · 2 6 + · · · is the generating function of the (virtual) counts of stable holomorphic orbi-discs with interior orbifold marked points mapped to the twisted sector X 1/2 . The first term τ 2 corresponds to the basic orbi-disc classified in [17] , and the subsequent contributions with multiple τ 2 -insertions all come from the same minimal homotopy class of the basic orbi-disc. Namely the latter is from the virtual perturbation of the orbi-disc attached with constant orbi-sphere bubble as shown in the right-hand-side of Figure 2 ; actual holomorphic orbi-discs with more than one τ 2 insertions do not have this minimal homotopy class.
A glance at the formulas (1.1) and (1.2) immediately shows that the substitution
will give the open CRC in this example: 
Notice that the change of variables (1.3) is affine linear. Hence it preserves the canonical flat structures near the cusps. In fact, it was shown in [22] that the Frobenius manifolds defined by the genus 0 Gromov-Witten theory for the orbifold P(1, 1, 2) and its resolution F 2 are isomorphic after analytic continuation of quantum parameters. This is true in general for any toric orbifold with the Hard Lefschetz property. Now the specialization
1 , which corresponds to setting the orbi-parameter τ 2 = 0, gives the isomorphism
asserted by Ruan's CRC (see [22, Theorem 1.1] ). From the point of view of Lagrangian Floer theory, this specialization corresponds to turning off orbifold parameters τ 2 = 0, or equivalently, the vanishing of the term
which counts stable discs in Y which meet the exceptional (−2)-curve in Y = F 2 . This gives a new geometric interpretation of the specialization.
Remark 4.
(1) We point out that for 3-dimensional toric Calabi-Yau geometry, one can consider open Gromov-Witten invariants with respect to Lagrangian submanifolds of Aganagic-Vafa type [1] . Open crepant resolution conjecture in this setting has been studied, see for example [9] . We remark that open GW invariants in [9] (and in related works) are defined by localization and not by moduli spaces of orbi-discs. (2) The rest of this paper is arranged as follows. In Section 2, we briefly go through the theory of Maslov index for orbifolds (following the recent work of Cho-Shin [18] ) and open orbifold GW theory for toric orbifolds (following Cho-Poddar [17] ). These are prerequisites for defining the Lagrangian Floer superpotentials and hence LG models mirror to toric orbifolds, which we introduce in Section 3, where we also state the open toric mirror theorem. In Section 4, we formulate the open CRC, discuss its relations with the closed CRC and explain a new geometric meaning of the specialization of quantum parameters in Ruan's conjecture. Section 5 contains the proof of the equality between open and closed orbifold GW invariants (Theorem 35). In Section 6, by applying the open-closed equality, we establish the open mirror theorem and deduce the open CRC for the weighted projective space X = P(1, . . . , 1, n).
Preliminaries
In this section, we review the Chern-Weil Maslov index for orbifolds introduced by ChoShin [18] and also the classification of holomorphic orbifold discs and the definition of open orbifold Gromov-Witten (GW) invariants for toric orbifolds following Cho-Poddar [17] .
2.1. Maslov index. Given a real 2n-dimensional symplectic vector bundle E over a Riemann surface Σ and a Lagrangian subbundle L over the boundary ∂Σ, one can associate a Maslov index to the bundle pair (E, L), which is defined as the rotation number of L in a symplectic trivialization E ∼ = Σ × R 2n .
To extend the notion of Maslov index to the orbifold setting, the second author and Shin [18] introduced its Chern-Weil definition as follows. Let J be a compatible complex structure of E. A unitary connection ∇ of E is called L-orthogonal if L is preserved by the parallel transport via ∇ along the boundary ∂Σ; see [18, Definition 2.3 ] for the precise definition).
where
It was proved in [18, Section 3] that the Chern-Weil definition agrees with the usual one.
Now let Σ be a bordered orbifold Riemann surface with interior orbifold marked points z + 1 , . . . , z + l ∈ Σ such that the orbifold structure at each marked point z + i is given by a branched covering map z → z m i for some positive integer m i . For an orbifold vector bundle E over Σ and a Lagrangian subbundle L → ∂Σ, the Chern-Weil Maslov index µ CW (E, L) of the pair (E, L) is defined by taking an L-orthogonal connection ∇, which is invariant under the local group action, and evaluating the integral in Definition 5 in an orbifold sense (see [18, Definition 6.4] ). It was shown in [18, Proposition 6.5 ] that the Maslov index µ CW (E, L) is independent of both the choice of the orthogonal unitary connection ∇ and the choice of a compatible complex structure.
In [17] , the second author and Poddar have introduced yet another orbifold Maslov index, the so-called desingularized Maslov index µ de , defined by the desingularization process introduced by Chen-Ruan [13] . Instead of recalling its definition (for which we refer the reader to [17, Section 3] ), let us recall the following result relating the Chern-Weil and the desingularized Maslov indices: Proposition 6 ([18], Proposition 6.10). We have
where ι(E; z + i ) is the degree shifting number associated to the Z m i -action on E at the i-th marked point z
2.2. Toric orbifolds. A compact toric manifold is constructed from a complete fan of smooth rational polyhedral cones (see the books [2, 31] ). Analogously, a compact toric orbifold can be constructed from a combinatorial object called a stacky fan, which consists of a complete fan Σ of simplicial rational polyhedral cones together with the choice of a multiplicity (or equivalently, a choice of lattice vector) for each 1-dimensional cone in Σ.
Consider the lattice N = Z n and its dual lattice M = Hom Z (N, Z). For any Z-module R, we denote N R = N ⊗ Z R, M R = M ⊗ Z R and by ·, · : M R × N R → R the natural pairing. Let Σ be a fan of simplicial rational polyhedral cones. We denote by Σ (k) the set of all k-dimensional cones in Σ. The minimal lattice generators of 1-dimensional cones Σ ).
Recall that a subset
Consider Z(Σ) = ∪ P A(P), the closed algebraic subset in C m , where P runs over every primitive collections in G(Σ).We define
Consider the map β : Z m → N which sends the basis vectors e i to b i for i = 1, . . . , m. Note that β may not be surjective. We obtain the following exact sequences by tensoring with R and C * :
Here the map β C * is given by
For a complete stacky fan (Σ, b), the algebraic torus K C acts effectively on U (Σ) with finite isotropy groups. Then, the global quotient
is called the compact toric orbifold associated to (Σ, b). 
We set Box = Box \ {0}. Then Box is in a one-to-one correspondence with the twisted sectors, i.e. non-trivial connected components of the inertia orbifold of X Σ . We refer the readers to [5] for more explanations (see also [34, Section 3.1] for an excellent review on the essential ingredients of toric orbifolds). For ν ∈ Box, we denote by X ν the corresponding twisted sector of X . Note that X 0 = X .
Twisted sectors were used by Chen-Ruan [14] to define a cohomology theory for orbifolds. For the toric orbifold X , the Chen-Ruan orbifold cohomology H *
where ι(ν) is the degree shifting number of the twisted sector X ν and the cohomology groups on the right hand side are singular cohomology groups. In [14], Chen and Ruan introduced a product structure which gives H * orb (X ; Q) a Frobenius algebra structure under the orbifold Poincaré pairing.
By a theorem of Delzant, a symplectic toric manifold is completely determined, up to equivariant symplectomorphisms, by its moment polytope. Lerman and Tolman [37] generalized this to the orbifold case, showing that a symplectic toric orbifold is completely determined by a simple rational convex polytope together with a positive integer attached to each of its facets.
More precisely, let P be a simple rational convex polytope in M R = R n with m facets F 1 , . . . , F m . Denote by v j ∈ N (j = 1, . . . , m) the inward normal vector to F j which is the minimal lattice vector. If we label each facet F j by a positive integer c j and set b j = c j v j , then the data (P, b) is called a labeled polytope, where we denote b = (b 1 , . . . , b m ). By choosing suitable λ j ∈ R, the polytope P can be written as
For each stacky vector b j , we define the linear functional j :
Let Σ(P ) be the normal fan of P . Then the stacky fan (Σ(P ), b) defines a compact toric orbifold X Σ(P ) as explained above.
We can now state the theorem of Lerman and Tolman as follows. (1) Let (X , ω) be a compact symplectic toric orbifold with moment map π : X → M R .
Then the moment map image P := π(X ) is a simple rational convex polytope in M R , and for each facet F j of P , there exists a positive integer c j (the label of F j ) such that the structure group of every p ∈ π −1 (int(F j )) is Z/c j Z. (2) Two compact symplectic toric orbifolds are equivariantly symplectomorphic (with respect to a fixed torus acting on both orbifolds) if and only if their associated labeled polytopes are isomorphic. (3) Every labeled polytope arises from a compact symplectic toric orbifold (X , ω).
2.3.
Holomorphic (orbi-)discs. Let (X , ω) be a compact Kähler toric orbifold of complex dimension n, equipped with the standard complex structure J 0 . Denote by (P, b) the associated labeled polytope, where b = (b 1 , . . . , b m ) and b j = c j v j . The polytope P is defined as in (2.5). We let D j be the toric prime divisor associated to b j .
Let L ⊂ X be a Lagrangian torus fiber 3 of the moment map π : X → P , and fix a relative homotopy class β ∈ π 2 (X , L) = H 2 (X , L; Z). We are interested in holomorphic (orbifold) discs in X bounded by L and representing the class β. 
such that for any z 0 ∈ D, there is a disc neighborhood of z 0 with a branched covering map br : z → z m , and there is a local chart (V w(z 0 ) , G w(z 0 ) , π w(z 0 ) ) of X at w(z 0 ) and a local holomorphic lifting w z 0 of w satisfying
We additionally assume that the map w is good (in the sense of Chen-Ruan [13] ) and representable. In particular, for each marked point z + i , we have an associated injective homomorphism
between local groups which makes w z + i equivariant. Denote by ν i ∈ Box the image of the generator 1 of Z m i under h i and let X ν i be the twisted sector of X corresponding to ν i . Such a map is said to be of type x := (X ν 1 , . . . , X ν l ).
We recall the following classification theorem due to the second author and Poddar: (2) For an analytic coordinate z on D 2 = |D|, the map w can be lifted to a holomorphic map
so that the homogeneous coordinate functions (modulo K C -action) w = ( w 1 , . . . , w m ) are given by
The map w whose lift is given as (2.8) satisfies
where ι ν i is the degree shifting number associated to the twisted sector X ν i .
In the above theorem, if we set l = 0 and d j = 0 for all j except for one j 0 where d j 0 = 1, then the corresponding holomorphic disc is smooth and intersects the associated toric divisor D j 0 ⊂ X with multiplicity one; its homotopy class is denoted as β j 0 . On the other hand, given ν ∈ Box , if we set l = 1 and d j = 0 for all j, then we obtain a holomorphic orbi-disc, whose homotopy class is denoted as β ν .
We have the following lemma from Cho-Poddar [17] :
. For X and L as above, the relative homotopy group π 2 (X , L) is generated by the classes β j for j = 1, . . . , m together with β ν for ν ∈ Box .
We call these generators of π 2 (X , L) the basic disc classes. They are the analogue of Maslov index two classes in toric manifolds. Recall that the Maslov index two holomorphic discs in toric manifolds are minimal, in the sense that every non-trivial holomorphic disc bounded by a Lagrangian torus fiber has Maslov index at least two. Also, such discs play a prominent role in the Lagrangian Floer theory of Lagrangian torus fibers in toric manifolds, namely, the Floer cohomology of Lagrangian torus fibers are determined by them. Basic disc classes were used in [17] to define the leading order bulk orbi-potential, and it can be used to determine Floer homology of torus fibers with suitable bulk deformations.
We recall the classification of basic discs from [17] : (1) The smooth holomorphic discs of Maslov index two (modulo T n -action and automorphisms of the domain) are in a one-to-one correspondence with the stacky vectors {b 1 , . . . , b m }.
(2) The holomorphic orbi-discs with one interior orbifold marked point and desingularized
Maslov index zero (modulo T n -action and automorphisms of the domain) are in a oneto-one correspondence with the twisted sectors ν ∈ Box of the toric orbifold X .
For each ν ∈ Box , we introduce the linear functional ν : M R → R, defined as (2.9) ν (u) = u, ν − λ ν , which is analogous to (2.6) for stacky vectors. Here, λ ν is the unique constant which makes
Alternatively, (2.9) can be defined as follows. For ν = m j=1 t j b j , we can define
In this case, we have λ ν = m j=1 t j λ j . Thus, for any u ∈ P , a (u) ≥ 0 for a ∈ {1, . . . , m}∪Box . Geometrically, a (u) is the symplectic area (up to a multiple of 2π) of the basic disc class β a bounded by the Lagrangian torus fiber L(u) over u ∈ int(P ), where int(P ) denotes the interior of the polytope P (see [17, Lemma 7 .1]).
Moduli spaces of holomorphic (orbi-)discs. Consider the moduli space
of good representable stable maps from bordered orbifold Riemann surfaces of genus zero with k + 1 boundary marked points z 0 , z 1 . . . , z k and l interior (orbifold) marked points z
in the homotopy class β of type x = (X ν 1 , . . . , X ν l ). Here, the superscript "main" indicates that we have chosen a connected component on which the boundary marked points respect the cyclic order of
(L, β, x) be its subset consisting of all maps from an (orbi-)disc (i.e. without (orbi-)sphere and (orbi-)disc bubbles). It was shown in [17] that M main k+1,l (L, β, x) has a Kuranishi structure of real virtual dimension
The following proposition was proved in [17] .
Proposition 11 ([17], Proposition 9.4).
(1) Suppose that
where each α i is realized by a holomorphic (orbi-)sphere.
is Fredholm regular and the evaluation map ev 0 is an orientation preserving diffeomorphism. Hence, if the virtual dimension of the moduli space is less than n, then the perturbed
s β,1,l,x is empty. From the dimension formula (2.10), the virtual dimension of the moduli space M main 1,l (L, β, x) is equal to n if and only if
class with Maslov index satisfying (2.11). Then the virtual fundamental chain
becomes a cycle because it has no real codimension one boundaries (because of T n equivariant perturbation). Hence we can define the following open orbifold GW invariant:
is the point class of the Lagrangian torus fiber L, and
orb (X ; Q) denotes the fundamental class of the twisted sector X ν i .
By [17, Lemma 12.7] , the numbers n
are independent of the choice of the system of multisections used to perturb the moduli spaces, so they are indeed invariants.
Suppose that ι(ν i ) = 1 for all i, then µ CW (β) = 2 satisfies the condition (2.11) for any number of interior orbifold marked points. Thus we can possibly have infinitely many nonzero invariants associated to a given relative homotopy class in this situation. These invariants, as we will see in examples, are quite non-trivial, and it is in sharp contrast with the manifold case. In the case of manifolds, the virtual counting of discs with repeated insertions of interior marked points, which are required to pass through divisors (analogous to ι(ν i ) = 1), are determined by an open analogue of the divisor equation (see [15, 29] ). Note that, however, the divisor equation does not hold for interior orbifold marked points.
Remark 13. Here we only consider bulk deformations from the fundamental classes of twisted sectors (which is why we use the notation n
. This is because for the purpose of this paper we only need bulk deformations from H ≤2 orb (X ). Consider a cycle A i in X ν i , and τ i the Poincaré dual of A i in X ν i . As a cohomology class in
. This explains why we only consider bulk deformations from fundamental classes of twisted sectors and the invariants n
. We hope to discuss the general case elsewhere.
Corollary 14. For ν ∈ Box , we have
For j ∈ {1, . . . , m}, we have
Proof. It is not hard to see that the count is one up to sign from the classification theorem. But the sign has been carefully computed in [16] in the toric manifold case, and the orientations in this orbifold case is completely analogous.
Example: orbifold sphere with two orbifold points. To illustrate the importance of dimension counting, let us consider an orbifold sphere with two orbifold points with Z p , Z q singularities.
Let X = P 1 p,q for p, q ∈ Z >0 and a circle fiber L ⊂ P 
The total orbifold cohomology ring
is generated by
Here, 1 X and [pt] have degree shifting numbers equal to zero, while 1 i/p and 1 j/q have degree shifting numbers i/p and j/q respectively.
Any disc class β is generated by the basic disc classes. In this case they consist of basic smooth disc classes β 0 and β 0 , and basic orbi-disc classes β i/p which pass through X i/p for i = 1, . . . , p − 1, and β j/q which pass through X j/q for j = 1, . . . , q − 1. β 0 and β 0 have Maslov index two, while β i/p and β j/q have Maslov index 2i/p and 2j/q respectively. Let τ i be one of the classes 1 1/p , . . . ,
Notice that the right hand side is always smaller than or equal to two.
The above equality is satisfied either when β is a basic smooth disc class β 0 or β 0 , in which case µ CW (β) = 2 and l = 0, or when β is one of the basic orbi-disc class β i/p or β j/q , in which case l = 1, µ CW (β) = 2i/p or 2j/q and τ 1 = 1 i/p or 1 j/q respectively. For all these basic classes, the open orbifold GW invariants are equal to one. All other disc classes cannot satisfy the above equality, since the left hand side must increase for other (non-trivial) disc classes, while the right hand side must decrease when the number of interior orbifold marked points increases.
LG models as mirrors for toric orbifolds
The Landau-Ginzburg (LG) models mirror to compact toric manifolds have been written down by Hori and Vafa [33] . 4 Their recipe is combinatorial in nature. In [16] , the second author and Oh gave a geometric construction of the LG mirrors for compact toric Fano manifolds using Lagrangian Floer theory of the moment map fiber tori and counting of holomorphic discs bounded by them. This was later generalized to any compact toric manifolds by the work of Fukaya, Oh, Ohta and Ono [28, 29, 25] . In fact the two constructions are related by mirror maps [11] ; this is the statement of the open mirror theorem.
In this section, we shall introduce the LG models which are mirror to compact toric orbifolds and formulate an orbifold version of the open toric mirror theorem.
3.1. Extended Kähler moduli. Let (X , ω) be a compact toric Kähler orbifold of complex dimension n associated to a labeled polytope (P, b), where b = (b 1 , . . . , b m ) and b j = c j v j denote the stacky vectors. Let (Σ(P ), b) be the corresponding stacky fan.
From now on, we assume that the following conditions are satisfied (cf. Iritani [34, Remark 3.4 
]):
Assumption 16.
(1) X is semi-Fano, and (2) the set {b 1 , . . . , b m } ∪ {ν ∈ Box | ι(ν) ≤ 1} generates the lattice N over Z.
In this case, we enumerate the set {ν ∈ Box | ι(ν) ≤ 1} as
where each b j (j = m + 1, . . . , m ) is of the form
The stacky fan together with these extra vectors b m+1 , . . . , b m constitute an extended stacky fan (in the sense of Jiang [35] ).
Consider the map β e : Z m → N sending the basis vectors e j to b j for j = 1, . . . , m . By (2) of our assumption, this map is surjective. Hence we have the exact sequence
where L := Ker(β e ). Let r := m − n denote the rank of L and let r := m − n denote the rank of H 2 (X ; Q) so that r = r + (m − m). We choose an integral basis 
We can also identify L ∨ ⊗ Q with the subspace
where D j is corresponding to 1 ν j for j = m + 1, . . . , m .
We denote byD j the image of D j in H 2 (X ; R). Note that for j = 1, . . . , m,D j is the Poincaré dual of the corresponding toric divisor D j ⊂ X , i.e.
Definition 17. The extended Kähler cone of X is defined by
3.2. Landau-Ginzburg mirrors. The mirror of a toric orbifold X is given by a LandauGinzburg (LG) model (X , W ) consisting of a noncompact Kähler manifoldX together with a holomorphic function W :X → C. The manifoldX is simply given by the bounded domaiň
The holomorphic function W , usually called the superpotential of the LG model, can be constructed in two ways, one is combinatorial and the other is geometric. The open toric mirror theorem says that these two constructions are related by a mirror map.
First of all, Let e 1 , . . . , e n be the standard basis of N = Z n . Then each e k defines a coordinate function
Definition 18. The extended Hori-Vafa superpotential of X is the function W HV X :X → C defined by
where z v denotes the monomial z
v k e k ∈ N and the coefficients C j are subject to the following constraints
This defines a family of functions {W
On the other hand, by identifying L ∨ ⊗ C with the subspace
A with another set of C * -valued coordinates q 1 , . . . , q r corresponding to the same basis
This defines the coordinates q a = exp(τ a ) for a = 1, . . . , r and τ a for a = r + 1, . . . , r on M X A . Note that the coordinates in the orbifold directions are not exponentiated coordinates.
We can now define a LG superpotential using Lagrangian Floer theory in terms of the open orbifold GW invariants n :X → C defined by
where Z β is the monomial given by
the third summation is over all a 1 , . . . , a l ∈ {r + 1, . . . , r }. The superscript "LF" refers to "Lagrangian Floer".
for j = 1, . . . , m , are monomials such that the coefficients C j are subject to the following constraints:
(1) For a = 1, . . . , r, the element d a ∈ L is a class in H 2 (X ; Q) and the constraint is given by
(2) For a = r + 1, . . . , r , the element d a ∈ L corresponds to the relation This corresponds to a classd a ∈ H 2 (X ; Q), and the constraint is given by
We emphasize that the coefficients C j 's only depend on the exponentiated coordinates q 1 , . . . , q r , but not the orbifold parameters τ r+1 , . . . , τ r . Also note that we need to choose the branches of fractional powers of q a for a = 1, . . . , r due to the orbifold structure near the cusp in M For each β ∈ π 2 (X , L), the coefficient of Z β is the generating function
counts the virtual number of stable smooth holomorphic discs representing β; when l = 1, n 1,1,β ([pt] L ; 1 ν ) counts the virtual number of stable holomorphic orbi-discs with one interior orbifold marked point mapping to the twisted sector X ν representing β.
Following [17] , we define the leading order superpotential W LF X ,0 to be
By Corollary 14, W LF X ,0 can be written as
where the coefficients C j (j = 1, . . . , m ) are subject to the following constraints The open mirror theorem below asserts that these are precisely the correction terms that we get when we plug in the mirror map into W HV X .
3.
3. An open mirror theorem. Let us first recall the mirror theorem for toric orbifolds following Iritani [34] . Consider the subsets
where A is the set of so-called "anticones". Basically, K eff is the set of effective classes; we refer the reader to [34 
Notice that we can write 
(X ) is the fundamental class of the twisted sector X ν(d) .
Under Assumption 16, the I-function is a convergent power series in y 1 , . . . , y r by [34, Lemma 4.2] . Moreover, it can be expanded as On the other hand, we have the following
where log q = τ = τ 0,2 + τ tw ∈ H 2 orb (X ) with τ 0,2 = r a=1p a log q a ∈ H 2 (X ) and Lemma 25. If X is Gorenstein toric orbifold, then µ(β) ≥ 2 for any basic disc class β ∈ π 2 (X , L).
Proof. When β is a basic disc class represented by a smooth holomorphic disc, its Maslov index µ CW (β) = 2 as in the case of smooth toric manifolds (see [16] or [17] ).
Consider a basic disc class β ν for some ν ∈ Box , which is represented by a holomorphic orbi-disc. It was proved in [17] that µ de (β ν , X ν ) = 0. Hence, from Formula (2.1), we have
since being Gorenstein implies that ι(ν) is a positive integer. Now let X = X Σ be a projective Gorenstein toric variety of complex dimension n defined by a complete fan Σ of simplicial rational polyhedral cones. Then X has at worse quotient singularities, and there is a canonical Gorenstein toric orbifold X = X Σ with coarse moduli space being X and orbifold structures occurring in complex codimension at least two. We assume that X satisfies Assumption 16. Note that the canonical toric orbifold X is the one described by the canonical stacky fan in Borisov-Chen-Smith [5, Section 7] .
Remark 26. Let us explain the choice of this canonical X . Given X, there can be (infinitely) many orbifolds with coarse moduli space X. However, if X is the canonical toric orbifold associated to X and p : X → X is the coarse moduli space map, then K X = p * K X since p is an isomorphism in complex codimension one. We can understand this as saying that the canonical orbifold X is a crepant resolution of X since X is a smooth orbifold, and p is birational and crepant.
On the other hand, all other toric orbifolds with coarse moduli space X are obtained from this canonical X by root constructions along toric divisors (see [24] ). A root construction along a toric divisor introduces orbifoldness along the divisor and changes the canonical divisor by a multiple of that divisor. For example, if X is a toric orbifold obtained from the canonical X by a r-th root construction along the toric divisor D. Then X is also the coarse moduli space of X and the coarse moduli space map p : X → X is birational, but p is not crepant since K X = p * (K X + (r − 1)/rD). So we cannot consider X as a crepant resolution of X and consequently X is not suited for CRC. . We now fix a choice of a Lagrangian torus fiber L ⊂ X. Since π is T n -equivariant, the pre-image of L ⊂ X is a Lagrangian torus fiber in Y , which, by abuse of notations, will again be denoted by L. Recall that the relative homotopy group π 2 (Y, L) ∼ = H 2 (Y, L; Z) is generated by the basic disc classes β 1 , . . . , β m , each of which is of Maslov index two and represented by a holomorphic disc w : (D 2 , ∂D 2 ) → (Y, L). For each j, the basic disc class β j intersects with multiplicity one the toric divisor H j ⊂ Y which corresponds to the primitive generator b j of a 1-dimensional cone of the fan Σ Y . We can identify Z m and N with π 2 (Y, L) and π 1 (L) respectively so that the exact sequence (3.1) becomes :
and Z j are monomials C j z b j such that the coefficients C j are subject to constraints 
where the coefficients C j are subject to the following constraints
In [11] , the following open mirror theorem for semi-Fano toric manifolds was proposed: As X is Gorenstein, ι(ν) is a positive integer for any ν ∈ Box ; in particular, we have ι(ν) ≥ 1. Recall that in the definition of the extended stacky fan (and hence W LF X ), we restricted to those ν with ι(ν) ≤ 1. Hence X is Gorenstein implies that ι(ν j ) = 1 for m < j ≤ m . In particular, W LF X is summing over all β ∈ π 2 (X , L) with Chern-Weil Maslov index µ CW (β) = 2. Moreover, if we write
Hence the condition µ CW (β) = 2 implies that β must be of one of the following forms:
(1) β = β j + d for j = 1, . . . , m and d ∈ H In view of this, the Lagrangian Floer superpotential of X can be expressed as
As a result, the open CRC is equivalent to asserting the following equalities 5 between generating functions of open (orbifold) GW invariants for X and Y :
for j = 1, . . . , m, and
for j = m + 1, . . . , m , after analytic continuation of the generating functions for Y and a change of variables Q = Q(q).
Relation to the closed CRC.
The open CRC (Conjecture 30) is closely related to the closed crepant resolution conjecture. This can be best seen using the formulation due to Coates-Iritani-Tseng [22] (see also Coates-Ruan [23] ). Let us first briefly recall their formulation.
In [32] , Givental proposed a symplectic formalism to understand Gromov-Witten theory. Let Z be either X or Y . Then let
where Λ is a certain Novikov ring. This is an infinite dimensional symplectic vector space under the pairing Ω Z (f, g) = Res z=0 (f (−z), g(z)) Z dz, where (·, ·) denotes the orbifold Poincaré pairing. Givental's Lagrangian cone for Z is a Lagrangian submanifold-germ L Z in the symplectic vector space H Z defined as the graph of the differential of the genus 0 descendent GW potential F 0 Z . It encodes all the genus zero (orbifold) GW invariants of Z and many relations in GW theory can be rephrased as geometric constraints on L Z [21, 32] .
The closed CRC in [22] was formulated as Conjecture 31 (Closed CRC; Conjecture 1.3 in [22] ). There exists a linear symplectic transformation U : H X → H Y , satisfying certain conditions, such that after analytic continuations of L X and L Y , we have
In practice, to prove this conjecture, one computes the symplectic transformation U by first analytically continuing the I-function I Y of Y from a neighborhood of the large complex structure limit point for Y (i.e. near U = 0 in M Y B ) to a neighborhood of the large complex structure limit point for X (i.e. near y = 0 in M X B ), and then comparing it with the Ifunction I X for X . Since the coefficients of I Y are hypergeometric functions, one can use Mellin-Barnes integrals to perform this analytic continuation (as done by Borisov-Horja [6] ). Notice that the choice of branch cuts in the analytic continuation process always lead to an ambiguity in the construction of U (see [22, Remark 3.10] ). This is also what happens in the construction of our change of variables Q = Q(q).
The relation between the open and closed CRC originates from the following construction of the change of variables Q = Q(q) from the symplectic transformation U: We first expand U −1 (I Y ) near the large complex structure limit point for X . In terms of the coordinates y ∈ M X B , we have
The (1, 1, 1, 3 ), Y = P(K P 2 ⊕ O P 2 ) as has been demonstrated in [22] . Indeed this is also the case for P(1, . . . , 1, n) whenever n ≥ 3. i.e.
, where ∪ orb denotes the Chen-Ruan orbifold cup product, is an isomorphism for all k ≥ 0. An example is given by the weighted projective plane X = P (1, 1, 2) . Then [22, Theorem 5.10] implies that the symplectic transformation U can be written as
for some N ∈ Z ≥0 and some linear maps U i : H * orb (X ; C) → H * (Y ; C). In this case, the change of variables needed in the open CRC is simply given by Q = U 0 (q). See [23, Section 9].
4.3. Specialization of quantum parameters and disc counting. Ruan's original crepant resolution conjecture [39] states that the small quantum cohomology ring of the crepant resolution Y is isomorphic to the small quantum cohomology ring of X after analytic continuation of quantum parameters of Y and specialization of the exceptional ones to certain roots of unity. Using the open CRC, we are able to give a new geometric interpretation of this specialization.
To begin with, we recall that, as a corollary of the results in Fukaya-Oh-Ohta-Ono On the other hand, we expect that there is also a ring isomorphism between the small quantum orbifold cohomology of X and the Jacobian ring of the Lagrangian Floer superpotential of X :
These two results together with the open CRC (Conjecture 30) then implies that, after analytic continuation and the change of variables Q = Q(q) for the quantum parameters, we have a ring isomorphism QH * (Y, Q) ∼ = QH * orb (X , q) between the small quantum cohomology ring of Y and the small orbifold quantum cohomology ring of X . Now the small quantum cohomology ring of the orbifold X is given by setting all the orbi-parameters τ tw to zero. Correspondingly, the change of variables Q = Q(q) becomes Q a = e c+f,da q a , a = 1, . . . , r, e c+f,da , a = r + 1, . . . , r , (4.3) where c ∈ H 2 (Y ; C) is the class defined by
and f ∈ H 2 (Y ; C) is an exceptional class. Note that this is similar but not always the same as Ruan's CRC because e c+f,da is not necessarily a root of unity. Hence this leads to a "quantum corrected" version of Ruan's CRC. See [23] (in particular Section 8) for an excellent explanation of what is happening.
From the point of view of Lagrangian Floer theory and disc counting, setting τ tw = 0 corresponds to switching off all contributions from orbi-discs in the Lagrangian Floer superpotential W LF X . In particular, all terms in the infinite sum
will vanish because a holomorphic orbi-disc must have at least one interior orbifold marked point, so that the invariant n , where
is the sum of terms coming from discs meeting the exceptional divisors in Y , then each term of W
LF,excep Y
vanishes after the change of variables and specialization (4.3).
A comparison theorem
In this section, we derive an equality between open and closed invariants in the orbifold setting. We will first consider the case of Gorenstein toric Fano orbifolds (Theorem 35). The corresponding result (Theorem 38) for more general cases (i.e. semi-Fano and not necessarily Gorenstein) will be discussed at the end of this section.
Theorem 35. Let X be a Gorenstein toric Fano orbifold (possibly non-compact) and L a Lagrangian torus fiber. Suppose that there is a stable holomorphic orbifold disc in M main 1,l (L, β, x) for β ∈ π 2 (X , L), and further assume that µ CW (β) = 2. Here x = (X ν 1 , . . . , X ν l ) for ν i ∈ {ν ∈ Box | ι(ν) = 1}. Then there exist an explicit toric orbifoldX and an explicit homology classβ ∈ H 2 (X ; Z) such that the following equality between open orbifold GW invariants of X and closed orbifold GW invariants ofX holds:
[pt]X ∈ H 2n (X; Q)) denotes the point class of L (resp.X ).
The proof of Theorem 35 is an adaptation of the proof of Theorem 1.1 in [10] and the proof of Proposition 4.4 in [36] to the orbifold setting. One major difference is that in the setting of [10, 36] , no interior insertions are allowed. In contrast, the open orbifold GW invariants considered in this paper are allowed to have interior orbi-insertions 1 ν i . Notice that the Divisor Axiom is not valid for orbi-insertions even for degree two.
In the orbifold case, bubbling components of the disc are constantly mapped to an orbifold point in X (by stability the bubbling components have to contain orbifold marked points such that the domain is stable), while in [10, 36] , bubbling components are mapped to rational curves with Chern number zero. The assumption that rational curves do not deform away was required. On the other hand, orbi-strata have the advantage that it is invariant under torus action and hence automatically cannot deform away.
Also notice that the toric modificationX can be stacky even when X is non-stacky, because the newly added vector b ∞ may not be primitive. This situation does not occur in the manifold case since a basic disc class always corresponds to a primitive vector in the manifold setting.
To construct (X ,β) explicitly, we need the following proposition:
Proposition 36. Assume the notations and conditions in Theorem 35. Then every stable holomorphic orbi-disc u ∈ M main 1,l (L, β, x) representing the class β ∈ π 2 (X , L) satisfies the following:
(1) The domain of u is connected and it consists of one disc component D and possibly a connected rational curve C consisting of (orbi-)sphere components. Proof. By the definition of a stable holomorphic orbi-disc, the domain of u must consist of (orbi-)disc components D 1 , . . . , D j and (orbi-)sphere components C 1 , . . . , C k . One has
Since every class represented by holomorphic (orbi-)discs are generated by basic disc classes and each basic class has µ CW ≥ 2 because X is Gorenstein, we have
On the other hand, by the assumption that X is Fano, we have c CW 1 (u| C i ) ≥ 0 and equality holds if and only if u is constant on C i for each i. Therefore the condition µ CW (u) = 2 forces us to have j = 1 and u is constant on each C i . This proves (1) .
. Now the class of u 0 := u| D is generated by basic disc classes. But since µ CW ([u 0 ]) = 2, [u 0 ] has to be one of the basic disc classes. This proves (2) .
Suppose that l = 0 or 1. Then by the stability of the map u, the domain Dom(u) cannot have constant (orbi-)sphere components, and hence Dom(u) = D. When l ≥ 2, since D has at most one interior orbi-marked point (by the classification, i.e. Theorem 8, for holomorphic orbi-discs), Dom(u) must consist of some (orbi-)sphere components. This proves (3).
Assuming that l ≥ 2. Then there are two cases: u| D is a smooth holomorphic disc, or u| D is a holomorphic orbi-disc. Since [u| D ] = β is basic, in both cases u| D intersect X \ X
• at exactly one interior point z (here
n is the open dense toric stratum of X ). Let p = u(z) ∈ X be the point of intersection. Notice that all orbifold points of X lie in X \ X
• . Since an orbifold marked point must be mapped to an orbifold point of X and u is constant on C i , we have u| C i ≡ p. This forces C := i C i to be a connected rational curve and D intersects C at z ∈ D. When u| D is a smooth holomorphic disc, the intersection has to be an ordinary nodal point. When u| D is an holomorphic orbi-disc, z is an orbifold point, and so the intersection has to be an orbifold nodal point. This proves (4) and (5).
We are now ready to construct (X ,β), assuming the setting of Theorem 35. 
. Thus one obtains a new stacky fanΣ which is a refinement of Σ, and whose set of stacky vectors is a union of that of Σ and {b ∞ }. Then letX be the toric orbifold associated to the stacky fanΣ.
Denote by β ∞ ∈ π 2 (X , L) the basic disc class corresponding to b ∞ . Since ∂(β + β ∞ ) = b 0 + (−b 0 ) = 0,β := β + β ∞ belongs to H 2 (X ; Z). This finishes the construction of (X ,β).
We shall now proceed to the proof of Theorem 35. Orbifold smoothness is used here instead of ordinary smoothness for manifolds. First of all, let us set up some notations. Let x = (X ν 1 , . . . , X ν l ) be the type of β. Recall that this records the twisted sectors that the interior orbifold marked points of a map representing β pass through. Denote the twisted sector ofX which corresponds to X ν i byX ν i . Then set x = (X ,X ν 1 , . . . ,X ν l ) (recall thatX =X 0 is the trivial twisted sector).
Denote by M 
where we have µ CW (β ∞ ) = 2 because β ∞ is a smooth basic disc class. Thus we see that they have the same virtual dimension (in fact, since µ CW (β) = 2 and ι(x) = l, they both have virtual dimension zero). In the following we prove that they are isomorphic as Kuranishi spaces. The proof is divided into 3 steps:
Step 1 :
Proof : By Proposition 36, the domain of every stable map u with one boundary marked point and l interior orbifold marked points representing β consists of an orbi-disc component representing β and some constant orbi-sphere components. By Cho-Poddar [17] , β corresponds to a twisted sector X ν of X and the evaluation map ev 0 : M main 1,1 (L, β, X ν ) → L at the boundary marked point is a diffeomorphism. This means that there exists a unique (up to automorphisms of domain) holomorphic orbi-disc u 0 representing β and passing through p ∈ L. Thus every such stable disc u ∈ M op 1,l (β, x; p) has the same holomorphic orbi-disc component u 0 . In conclusion, u is u 0 attached with a constant rational orbi-curve at its only interior orbi-point.
Letβ := β + β ∞ ∈ H 2 (X ; Z). By the maximum principle, any rational orbi-curve representingβ passing through p ∈X is unique (again up to automorphisms of domain); we call this curveū 0 . Now letū ∈ M cl l+1 (β,x; p). Applying the maximum principle toū shows that any component of u passing through p must beū 0 . Sinceū passes through p, it must contain such a component. Moreover, sinceū andū 0 have the same c CW 1
, and every non-trivial rational curve has c CW 1 > 0 because X is Fano, the restrictions ofū to all the other orbi-sphere components are constant maps. By connectedness they have to be mapped to the same point. Moreover, by the stability ofū, they are mapped to the image of the unique orbi-point ofū 0 . In conclusion,ū isū 0 attached with a constant rational orbi-curve at its only orbi-point.
Now it is not difficult to see that there is a one-to-one correspondence between M 1,l (β, x; p) is given by u 0 attached with a constant rational orbi-curve at the unique interior orbi-point. We associate to it the stable map given byū 0 attached with the same constant rational orbi-curve at its only orbi-point, which is an element of M cl l+1 (β,x; p). Conversely anyū ∈ M cl l+1 (β,x; p) isū 0 attached with a constant rational orbi-curve at its only orbi-point, and it can be associated to an element of M op 1,l (β, x; p) in the same way.
Step 2 : We have the following equality between virtual cycles
where ι : {p} → L is the inclusion map. Similarly, we have
whereῑ : {p} →X is the inclusion map.
Proof : This follows directly from Lemma A1.43 of [26, 27] .
Step 3 : The Kuranishi structure on M 
vir is equal to the closed orbifold GW invariant
Step 1. u consists of one disc component u 0 and a rational curve component. The key observation is that since u 0 is regular, the obstruction merely comes from the rational curve component. Similarlyū consists of one smooth componentū 0 and the same rational curve component, and the obstruction again merely comes from this rational curve component. Thus obstructions of u can be identified with obstructions ofū so that they have the same Kuranishi structures. Thus their virtual fundamental cycles are identical.
To make the above argument precise, let us briefly review the construction of Kuranishi structures in this situation. One has a Kuranishi chart
around u which is constructed as follows [26, 27] . Let
be the linearized Cauchy-Riemann operator at u.
(1) Γ op is the finite automorphism group of u.
(2) E op is the obstruction space which is the finite dimensional cokernel of the linearized Cauchy-Riemann operator D u∂ . For the purpose of the next step of the construction, it is identified (in a non-canonical way) with a subspace of W 0,p (Dom(u), u * (T X ) ⊗ Λ 0,1 ) as follows. Denote by D and C 1 , . . . , C l the (orbi-)disc and (orbi-)sphere components of Dom(u) respectively. Take non-empty open subsets W 0 ⊂ D and W i ⊂ C i for i = 1, . . . , l. Then by the unique continuation theorem, there exist finite dimensional subspaces
and E op is invariant under Γ op , where
(3)Ṽ op is taken to be (a neighborhood of 0 of) the space of first order deformations φ of u which satisfies the linearized Cauchy-Riemann equation modulo elements in E, that is,
Such deformations may come from deformations of the map or deformations of complex structures of the domain. More precisely,
is a neighborhood of zero in the kernel of the linear map
We remark that since Dom(u) is automatically stable in our case, there is no infinitesimal automorphism of the domain that in general one needs to quotient out. V dom op is a neighborhood of zero in the space of deformations of C = i C i which is the rational curve component of Dom(u) consisting of l orbifold marked points. They consist of two types: one is deformations of each stable component (in this genus zero case, it means movements of special points in each component), and the other one is smoothing of nodes between components. That is, corresponds to a stable holomorphic orbi-disc which is of the form D ∪C, where D is an orbi-disc with one boundary marked point and one interior orbifold marked point, andC is a rational curve with l interior orbifold marked point, such that D andC intersect at a nodal orbifold point. By abuse of notation the orbi-disc is also denoted by D, which serves as the domain of the deformed map in this context. (4)s op :Ṽ op → E op is a transversal Γ op -equivariant perturbed zero-section of the trivial bundle E op ×Ṽ op overṼ op . By [28] or [17] , this can be chosen to be T n -equivariant. In Item (2) of the above construction, since the disc component u 0 of u is unobstructed, we may take E 0 = 0 so that E op can be taken to be of the form E op = 0 ⊕ E 1 ⊕ . . . ⊕ E l . After this choice, we argue that (V op , E op , Γ op , ψ op , s op ) can be identified with a Kuranishi chart (V cl , E cl , Γ cl , ψ cl , s cl ) around the corresponding closed curveū.
(1) From the construction of the one-to-one correspondence between u andū, we see that u andū have the same automorphism group, i.e.
(2) Notice thatū 0 has trivial obstruction. Also all the other components are the same for u andū so that D u∂ = Dū∂ on these components. It follows that
Thus we may also take
, where V For simplicity we have made stronger assumptions in Theorem 35 than required. Indeed the above argument applies to more general situations described as follows:
Theorem 38. Let X be a semi-Fano toric orbifold (possibly non-compact) and let L be a Lagrangian torus fiber of X . Let β = β 0 +d ∈ π 2 (X , L) be represented by a stable holomorphic (orbi-)disc with one boundary marked point and l interior orbifold marked points and passing through l non-trivial twisted sectors X ν i for i = 1, . . . , l, where β 0 is a basic disc class and d is represented by a rational orbi-curve with c CW 1 (d) = 0. When β 0 is a basic smooth disc class, let S be the toric divisor that it passes through. When β 0 is a basic orbi-disc class, let S be the support of the twisted sector that it passes through.
Assume that each component of an (orbifold) rational curve C ⊂X representing d has c CW 1 = 0; if C intersects S, then C is contained inX \ D ∞ . Here,X is the toric orbifold birational to X constructed in Definition 37, and D ∞ is the divisor corresponding to b ∞ involved in the construction. S ⊂ X is identified as a subset ofX by the birational map between X andX . Then we have the equality between open and closed orbifold GW invariants
2n (X ; Q) denotes the point class ofX .
Note that the cohomological degrees of the interior orbi-insertions 1 ν i are not restricted to two here.
To prove Theorem 38, we first need to show that basic disc classes are primitive in a certain sense. Let us recall that basic disc classes consist of the following two types:
(1) A disc class β j ∈ π 2 (X , L) represented by a smooth holomorphic disc of Maslov index two corresponding to each toric divisor
Maslov index zero, with one interior orbifold marked point which maps to the twisted sector X ν .
Note that if β ∈ π 2 (X , L) is realized by a stable holomorphic (orbi-)disc, then we can write
, j a ∈ {1, . . . , m} and α is an element in H 2 (X ; Z) realized by a positive sum of holomorphic (orbi-)spheres.
Lemma 39. The basic disc classes are primitive, in the following sense:
(i) For j ∈ {1, . . . , m}, suppose that β j = p a=1 k a β ja + ν∈Box k ν β ν + α as above. Then one of the following alternatives holds:
(ii) For η ∈ Box , suppose that β η = p a=1 k a β ja + ν∈Box k ν β ν + α as above. Then one of the following alternatives holds. Let us first consider the case of β j for j ∈ {1, . . . , m}. We will assume that k ν = 0 for all ν ∈ Box and show that α = 0, p = 1, k 1 = 1 and j 1 = j. Since k ν = 0 for all ν ∈ Box , one has (5.1)
By considering the symplectic areas on both sides, we have
where c is the symplectic area of α. Since α is represented by a positive sum of holomorphic (orbi-)spheres, we have c ≥ 0 and equality holds if and only if α = 0. On the other hand, take u ∈ P in the interior of the j-th facet F j ⊂ P so that j (u) = 0, and i (u) > 0 for i = j. Hence, we must have c ≤ 0. So c = 0, a = 1, k 1 = 1 and j 1 = j. This proves (i).
To prove (ii), consider β η for some η ∈ Box , and assume that ν k ν < 2. Again by taking the symplectic areas, one has
where c ≥ 0 is the symplectic area of α. Take u ∈ P such that η (u) = 0. Since every term on the right hand side is non-negative, we must have ja (u) = ν (u) = c = 0 for all a and ν. In particular, α = 0. Also, this implies that η, b ja , ν for k ν = 0 belong to the same cone of the fan Σ(P ). But
This forces k a = 0 for all a and k ν cannot be all zero. The only remaining possibility is k ν = 1 only when ν = η and zero otherwise. This finishes the proof of the lemma. This lemma implies that the basic holomorphic (orbi-)discs cannot degenerate into sums of other basic discs, since the number of interior orbifold marked points cannot increase when we consider possible degenerations of an orbifold curve (by the definition of the topology of the domain curve).
We are now in a position to prove Theorem 38:
Proof of Theorem 38. First of all, the semi-Fano condition implies that every rational (orbi-)curve has c (d) = 0. The (orbi-)nodal point where u 0 is attached with u| C lies in S, and so C must pass through S. By the assumption, such rational (orbi-)curves in X are in one-to-one correspondence with those inX . As a result, we can apply the construction in Definition 37 and extend the arguments in the proof of Theorem 35 to the current situation to show that
as spaces with Kuranishi structures. Hence we obtain the desired equality.
Notice that starting with a toric manifold X, in order to apply the open-closed relation discussed in this section, unavoidably one has to work with toric orbifolds since in generalX is an orbifold (see Definition 37) . In the manifold case, Theorem 38 says the following:
Corollary 40. Let X be a semi-Fano toric manifold (possibly non-compact) and L a Lagrangian torus fiber of X. Let β = β 0 + d ∈ π 2 (X, L), where β 0 is a basic disc class and d is represented by a rational curve with c 1 (d) = 0.
Assume that each component of a rational curve C ⊂X representing d has c CW 1 = 0, and if C intersects D 0 , then C is contained inX \ D ∞ . (Here, D 0 is the toric divisor that β 0 intersects,X is the toric orbifold constructed in Definition 37 which is birational to X, and D ∞ is the divisor corresponding to b ∞ involved in the construction.) Then we have the equality n
denotes the point class of L and [pt]X ∈ H 2n (X; Q) denotes the point class ofX.
In this section, we prove the open crepant resolution conjecture (Conjecture 30) for the weighted projective space X = P(1, . . . , 1, n) which is Gorenstein and Fano, and whose crepant resolution is given by the semi-Fano toric manifold Y = P(K P n−1 ⊕ O P n−1 ).
6.1.
Computation of open orbifold GW invariants. The weighted projective space X = P(1, . . . , 1, n) is a toric orbifold described by the simplicial fan Σ whose generators of rays are given by 
There is a unique isolated orbifold point with Z n -singularity which corresponds to the cone generated by b 1 , b 2 , . . . , b n . The twisted sectors of X are hence given by the trivial one X 0 = X together with the non-trivial ones X k/n corresponding to
. . , n − 1, which are all supported at the isolated orbifold point in X . The degree shifting number of X k/n is given by
The weighted projective space X is Gorenstein (as ι k/n is an integer for all k) and Fano.
Let L ⊂ X be a Lagrangian torus fiber. By Cho-Poddar's classification of holomorphic orbidiscs [17] (see Theorem 8) , there is a basic orbi-disc class β 1/n ∈ π 2 (X , L) with µ CW (β 1/n ) = 2 which is represented by a holomorphic orbi-disc with one boundary marked point and one interior orbifold marked point passing through the twisted sector X 1/n . Note that X 1/n is the only non-trivial twisted sector with degree shifting number equal to one. Let
orb (X ) be the fundamental class of X 1/n . We are interested in computing the open orbifold GW invariants n
By applying the construction in Definition 37 with β = β 1/n , we haveX = X = P(1, . . . , 1, n) since b ∞ = −ν 1/n = b n+1 , andβ = β 1/n + β n+1 where β n+1 ∈ π 2 (X , L) is the smooth basic disc class corresponding to b n+1 . Now Theorem 35 gives the equality
To compute the GW invariant [pt] X , 1 1/n , . . . , 1 1/n X 0,l+1,β , we will use the method developed in [12] adapted to the orbifold setting. Roughly speaking, this goes as follows. The invariants we need are encoded as a certain coefficient of the small J-function of X . By applying the mirror theorem for orbifolds (i.e. Theorem 22, which will be proved in the forthcoming work of Coates-Corti-Iritani-Tseng [20] ; see [34, Conjecture 4.3] for the precise statement), we can then compute the relevant coefficient and hence the invariants using the explicit and combinatorially defined I-function.
Recall that the small J-function of X is given by
where log q = τ = τ 0,2 +τ tw ∈ H 2 orb (X ) with τ 0,2 = τ 1p1 ∈ H 2 (X ) and τ tw = τ 2 1 1/n ∈ H 0 (X 1/n ),
where the last equality follows because [pt] X , τ tw , . . . , τ tw 0,l+1,d = 0 only when c The toric mirror theorem allows one to compute the J-function from the combinatorial data which defines X as follows. The extended stacky fan [35] The secondary fan is supported in L ∨ R ∼ = R 2 , and its rays are generated by D 1 = . . . = D n , D n+1 and D n+2 . The secondary fan parametrizes stability conditions of the GIT quotients of C n+2 by (C * ) 2 whose action is defined by the above exact sequence. It consists of two cones, namely D 1 , D n+1 R ≥0 and D n+1 , D n+2 R ≥0 . When we choose the stability condition η ∈ D n+1 , D n+2 R >0 , the GIT quotient we obtain is the orbifold X . When we choose the stability condition η ∈ D 1 , D n+1 R >0 , the GIT quotient we obtain is the crepant resolution Y = P(K P n−1 ⊕ O P n−1 ).
The cone K eff is given by the subset We remark that g is a solution to some Picard-Fuchs equation.
Using these calculations, we can now prove the open toric mirror theorem for X :
Theorem 41. For X = P(1, . . . , 1, n), we have where Z j = C j z b j and the coefficients C j are subject to the constraints C 1 · · · C n C n n+1 = q 1 , and C n+1 C n+2 = q d 1 /n = q 1/n 1 . Letting W j = Z j for j = 1, . . . , n + 1 and
we can write W j = C j z b j where now the coefficients C j are subject to the constraints To get explicit numbers, let f be the inverse function of g, so that y 
Open CRC.
By the results of [11] (see also [12] ), the open mirror theorem (Conjecture 29) is true for the semi-Fano toric manifold Y = P(K P n−1 ⊕ O P n−1 ) without any convergence assumption. By our discussion in Subsection 4.2, the open CRC (Conjecture 30) would then follow from the existence of an analytic continuation of the mirror map for Y , which in turn is implied by the existence of the symplectic transformation U that appeared in the closed CRC (see Theorem 32) . Using Mellin-Barnes integrals [6] , one can indeed show that the analytic continuation of the mirror map for Y exists, hence proving Conjecture 30 for X = P(1, . . . , 1, n) and Y = P(K P n−1 ⊕ O P n−1 ).
The mirror map for Y is given by On the other hand, as shown in the previous subsection, the mirror map for X is given by while log Q 2 = 1 n (log y 1 − log Q 1 ). In particular, the flat structures near the large radius limit points for X and Y are not preserved. When n = 3, this is given by − 2 √ 3π 3Γ( As an immediate consequence of the existence of analytic continuation of the mirror map for Y , we have Theorem 42. The open crepant resolution conjecture (i.e. Conjecture 30) holds for the weighted projective space X = P(1, . . . , 1, n) and its crepant resolution Y = P(K P n ⊕ O P n ).
